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Abstract-For the Dirichlet problem on open arts in an infinite plane, a modified numerical 
scheme using the indirect boundary integral method is presented. We suggest a single layer potential, 
added by a constant, as a solution of the problem. Then the solution for the density function of the 
induced boundary integral equation gives the potential which satisfies al1 the conditions of the original 
problem. Approximation to the unknown density function is fulfilled by using the collocation method 
with the Chebyshev polynomials of the first kind. The procedure given in thl work reduces the 
number of steps for computation of the method introduced by Atkinson and Sloan [l]. Experimental 
results of some examples are given to show the convergente of our method, which is the same as that 
of the literature [ll. 
KeyWords-Cpen arc, Indirect boundary integral method, Singlelayer potential, Chebyshev 
polynomial. 
1. INTRODUCTION 
We consider the following Dirichlet boundary value problem in the infinite plane: 
Au(P) = 0, PEllF\I-, 
u(P) = f(P), P E r, (1) 
SUP Iu(P)I < 00, 
PER2 
where l? is a smooth open arc in the plane. Referring to Guenther and Lee [2], in which the 
indirect boundary integral equation method for the closed boundary curves is discussed, and 
neglecting the boundedness at infinite distance, we may set the potential u of problem (1) as a 
single-layer potential 
u(P) = s r g(Q) log IP - QI dr(QL P E R2, (2) 
where u is the unknown density function. Then this formula implies the following boundary 
integral equation of the first kind: 
s o(Q) log IP - QI WQ) = f(P), P E r. (3) r 
This type of equation is also encountered in a variety of problems of physics and elasticity, e.g., 
wave scattering and crack problems. It is wel1 known that even for a smooth data f the solution u 
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of (3) may have the singularity 0(r-‘/2) at the end points of the arc I’. As an application to 
linear elastic fracture mechanics, this singularity bas close relation to the stress analysis near the 
crack tip [3]. 
Recently, some numerical methods for the solution of equation (3) have been introduced 
(see (1,4-71). Among them, only the work of Atkinson and Sloan [l] gives complete numeri- 
cal scheme and convergente analysis for a genera1 open arc in the plane, which we summarize 
here. Using the eosine substitution to the parameter of the arc l?, they split the equation (3) as 
(A,+&)P=~, (4) 
in which A, is a principal part of the original integral operator in (3), and B, is a perturbation. 
It is shown that A, is an invertible operator and B, is a compact one. For the numerical scheme, 
the discrete Galerkin method is used as 
We + &n&,n) ti, = Qnh, 
where Qn is a discrete orthogonal projection operator, and C,,,(2n) is a space of continuous 
2n-periodic even functions. The result of the convergente analysis for this equation is given by 
the following theorem [ll. 
THEOREM 1. Assume that r is a smooth curve for which the equation (4) has a unique solution 
and that h E Hl with r > 312, in which Hl is the space of even periodic functions which belang 
to the Sobolev space H’. Then for aJl sufficiently large n and any number E > 0 such that 
r - 312 - E > 0, 
]]p - &]loo 5 c. n-(r-3/2-E). (6) 
Atkinson and Sloan [l] introduced the auxiliary integral equation 
J v(Q) log IP - QI WQ) = 1, Po r 
because the potential in the type of (2) wil1 generally be unbounded as JPI -+ CO. Thus, the 
resulting solution takes the form 
u(P) = J (4Q) -r'~(Q))loglP-Qldr(Q) +y,
P E R2, (8) 
r 
where Y = .& ~Q)W.&J~Q>~~. 
In the result, two parallel equations (3) and (7) should be solved simultaneously to give the 
solution (8) of the original problem (1). In this paper we develop a modified procedure to eliminate 
the auxiliary integral equation (7) by adding an unknown constant to the single layer potential 
in (2). Therefore, we may reduce the number of computations to the halves, at least. In fact, 
with the condition that the integration of the density function on the boundary should vanish, the 
additive constant appears to be the potential at infinite distance. As a numerical scheme, after 
formulating the boundary integral equation, we solve the equation by the collocation method. 
Naturally, the result of the convergente analysis for the approximate scheme is identical with 
Theorem 1. In the last section several experimental examples are given to illustrate the efficiency 
of the present method. 
2. A MODIFIED NUMERICAL SCHEME 
In this section we formulate a boundary integral equation containing the logarithmic-kernel. 
Assume that the open arc l? is parametrized by 
PkC) = (h),b(~)) > -15 2 5 1, 
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where it is assumed that p(z) is Co0 with lP’(x)l # 0 and the transfinite diameter Cr # 1. 
Denote u(P) as a type of the single layer potential, added by the unknown constant CY, such as 
u(P) = 
J 
A(Q) log IP - QI dr(Q) + Q, PER2, 
r 
(9) 
where X is a density function to be determined later. 
Then, by the following theorem, we can show that the potential given by formula (9) becomes 
the unique solution of problem (1). 
THEOREM 2. Under the assumption that Cr # 1, problem (1) bas a unique solution of the form 
with 
u(P) = 
J 
XQ) log IP - QI WQ) + QI 
l- 
J X(Q) di’(Q) = 0 and u(P) 4 a: as IPI + 00. r 
PROOF. It is wel1 known that problem (1) hss a unique solution so that we only have to show 
that u given above becomes a solution of (1). For any constant Q,, the equation 
J w(Q) 1s IP - QI dr(Q) = ~0, Pu r 
bas a unique solution w. 
If we take 
u(P) = J r v(Q) log IP - QI dr(Q) + aar 
then the Dirichlet boundary condition in (1) implies that 
J r [v(Q) + w(Q)1 log IP - QI dr(Q) = f(f’h P E r. 
Denoting g(P) = q(P) +w(P) as an unknown function, this equation bas a unique solution g(P). 
Now, set k = Jr g(Q) dr(Q)l Jr wC01 dr(Q) ad let 
u(P) = u(P) + (1 - k) J w(Q) log IP - QI dr(Q) - Cl- kbo r 
= J r b(Q) - k. w(Q)1 log IJ’ - QI WQ) + k. ~0 
Then for al1 P E l?, 
u(P) = f(P) - IC. ao + IC. ao = f(P), 
and, from the definition of the constant k, it follows that 
J r MS) - ka w(Q)1 WQ) = 0. 
Further , 
4P) -+ 1% IPI {J Jg(Q)-k.w(Q)]dI’(Q) +k.a,=k~a, 1 as PI --+ CO. 
Therefore, if we set A(P) = g(P) - IC. w(P) and cr = IC. ao, the potential 
u(P) = J X(Q) log IJ’ - QI WQ) + a, P E IR2 r 
is the unique solution of problem (1). 
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For any boundary points P = p(s) and Q = p(c) in r, formula (9) can be rewritten by 
J 1 u(P) = x (P(O) PW log P(x) - P(OI d< + CL -1 00) 
Set x = cos t and E = cos r (0 5 t, r 2 r) so that 
IP - Q12 = [~(COST) - /3(cost)12 
= (cos 7 - cos t)2 a(cos 7-) - a(cos t) cos T) - b(cos t) 2 
cos7 -tost cos7 - tost 
)l 
= (cos 7- - cos t)2m(t, T), 
in which m(t,r) is a C Oo function of t and 7 with m(t, t) = [,B’(cos~)/~ # 0 by the assumption 
on p(z). Then formula (10) and the boundary condition induce an integral equation 
J 7r P(T) log Icos r - cos tl dr + 1 2 J or PU(T) log b(t, T)l d7 + Q = h(t), (11) 0
where 
~(7) = X (p(cos7)) //3’(cosr)[ sin7 and h(t) = f Mcost)) . 
On the other hand, in the problem given in (l), the boundedness of u(P) at infinity implies 
the following condition: 
J K J 1 /J(T) d7 = p (cos-’ c) 0 -1 (12) 
Denoting the first and second integrals in equation (11) by the operators Sr and 5’2, respectively, 
such as 
sl$J(t) = J o- 1c1(T) % l COST - costld7 (13) 
and 
S2W) = f ox J $47) 1% [m(tT ~11 dT, (14 
we can see that equation (11) is rewritten by 
CS1 + S2) P(t) + a = h(t), o<t<7r. (15) 
Note that Sr is an integral operator containing the principal part of the logarithmic-kernel while 
5’2 contains a regular one. The numerical evaluation of the logarithmic-kernel integral &p(t) 
is neither accurate nor simple in general, so that we wil1 overcome this problem by analytic 
evaluation of Sip(t) on a proper approximate space. 
We define an approximate space X,,., which is spanned by the Chebyshev polynomials Tk(t), 
w, 
X, = span {Tk(t) = coskt, k = 0, 1,2,. . . , n (0 5 t 5 T)} , 
and set the unknown density function as 
P(t) = j.&(t) = -&kTk(t), o<t<lr. 
IC=1 
(16) 
Modified Boundary Integral Method 41 
Observing that, for 0 2 t 5 r (cos t = s), 
s 7r s ’ Tk(t-) log 1 COST - costl dr = T, (COS-' <) 0 _1 djy-p WE-44 
-7rlog2 when IC = 0, (17) 
= 
-$%(t) when IC 2 1, 
the logarithmic kernel integral SIP in (15) can be evaluated completely. That is, 
&p(t) = --T 2 Uky. 
k=l 
08) 
Moreover, the boundedness condition (12) is satisfied automatically by the orthogonality of the 
Chebyshev polynomial set {Tk}k=i. And then we solve the boundary integral equation (15) for 
the coefficients {ak}!&r and the unknown constant u: by using the collocation method with the 
nodal points 
tk = Pk + lb 
2(n + 1) ’ 
k = 0,1,2,-.. .n, (19) 
which are the roots of the Chebyshev polynomial Tn+l. In the result we only have to solve 
equation (15), in which the numerical evaluation of the singular integral is not needed if we take 
the unknown density function ~1 by the form of (16), without any auxiliary equation such as (7). 
Hence, by using formula (9) and the approximate solutions b, and o of equation (15), we may 
obtain the approximation to the potential u satisfying al1 the conditions in (1) as 
u,(P) = s or ILn(T) 1% IP( COST)-P( dTfa, P E KP. (20) 
3. EXAMPLES 
In this section, we present numerical results of some selected examples to show the convergente 
and efficiency of the present method. The first two examples are chosen in the work of Atkinson 
and Sloan [ll. 
EXAMPLE 1. As the first example we consider the boundary l? as a straight line. parametrized 
by p(r) = (x,0), -1 < x 5 1, with the boundary condition 
f(x) = ë”cos2/1-lC2, -1 < IC 5 1. 
In fact, it can be seen that the exact solution [l] is 
u (x1, ~2) = Real [exp (d= - x)1 , 5 = 21 + ix2. 
After obtaining the approximate solution for the density function CL and the constant (Y by 
solving the approximate equation of the original equation (11) or (15), we obtain the numerical 
value of the potential u at each point P E IR2 using formula (20). In Table 1, the errors of the 
numerical solutions at some selected points are given, in which u is the true solution given above, 
u*,~ is the approximation by the present method with n + 1 collocation points and q nodal points 
in the numerical integration, and u:,~ is the corresponding result of the literature [I]. Here we 
used the Simpson’s quadrature rule in evaluation of the regular integrals through the procedure. 
The selected points are 
Pr = (0.5,0.01), Pz = (l.l,O), and P3 = (0,100). 
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Table 1. Errors IzL~,~(&)-u(&)~ and ([uc,, (Pi) -U(Pi)j) with q = n for Example 1. 
I n I i=l I i=2 I i=3 
2 1.3 x 10-2 (1.1 x 10-1) 2.1 x 10-3 (3.3 x 10-4) 1.4 x 10-3 (8.3 x 10-3) 
4 2.0 x 10-2 (8.4 x 10-2) 5.9 x 10-4 (1.0 x 10-3) ‘2.8 x lO-’ (2.8 x 10-6) 
6 2.6 x 10-2 (7.7 x 10-5) 8.5 x 10-5 (1.5 x 10-4) 1.1 x 10-11 (1.6 x 10-l”) 
1 8 1 9.4 x 10-3 (8.7 x 10-3) 1 1.1 x 10-5 (2.0 x lO-‘) 1 2.8 x 10-14 (1.8 X 10-15) 
10 4.2 x 10-3 (3.3 x 10-2) 1.5 x lO-‘j (2.8 x 10-6) 2.9 x 10-14 (1.1 x 10-15) 
16 1.4 x 10-3 ( - ) 1.3 x 10-8 ( - ) 2.8 x 10-14 ( - ) 
The error in u ,+r(P) with CJ = n is relatively large at the points Pr and P2 which are close to 
the boundary l?. To improve the error, it is required to increase the value of q. 
EXAMPLE 2. In this case the boundary l? is assumed to be the upper half of the ellipse zf+422 = 1. 
The parameterization of this curve can be written by 
P(z) = (singr, icos:X) , -1 5 2 I 1. 
The boundary condition is given by 
f(Zl,52) = e"', (Zl>ZP) E r. 
The exact solution of this problem is unknown so that the errors given in Table 2 are based on 
the value u = UN,Q computed with much larger N and Q. In Table 2, we show the empirical 
results for us,q and those for 21: 4 , in the literature [ll. The points Pi, i = 1,2,3, are selected near 
the curve l? as 
PI = (l.l,O), P2 = (1.001, O), and P3 = (0,0.49). 
Table2. Errors Iu8,9(&)-‘u(&)( and (Iu& (Pi)-u(Pi)l) with varying q for Example 2. 
Q i=l i=2 i=3 
8 2.3 x 10-4 (5.1 x 10-4) 1.5 x 10-2 (4.9 x 10-2) 3.7 x 10-2 (2.1 x 10-2) 
20 1.9 x 10-5 (3.2 x 10-5) 1.8 x 10-3 (2.2 x 10-3) 5.0 x 10-3 (8.3 x 10-3) 
40 1.9 x 10-5 (3.2 x 10-5) 8.1 x 10-4 (1.9 x 10-3) 1.8 x 10-4 (3.0 x 10-3) 
80 1.9 x 10-5 (3.2 x 10-5) 2.5 x 10-4 (3.8 x 10-4) 6.2 x 10-4 (6.7 x 10-4) 
160 1.9 x 10-5 (3.2 x 10-5) 2.6 x 10-4 (3.8 x 10-4) 1.9 x 10-4 (6.7 x 10-4) 
EXAMPLE 3. As the last example, we consider a sine-shaped curve parametrized as 
,0(s) = (2, 0.2sin7rz), -15 z 5 1. 
The boundary condition is given by 
f (21722) = Zl(Z2 +zf), hak) er. 
Denoting /..J~ as an approximation with n + 1 collocation points to the density function ~1 in (15), 
the errors pn - j.LN, n = 8,10,12, with much larger N, are shown in Figure 1. The approximate 
potential un(zr ,332) and its leve1 curves with n = 32 on the rectangular domain (-2,2) x (-1, l), 
which contains the open arc r, are plotted in Figure 2. 
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Figure 1. Errors pn - MLN with 7~ = 8,10,12 and N = 64. 
1.5 - 
lr 
Figure 2. Distribution of the approximate potential U, with n = 32. 
4. CONCLUSIONS 
To solve the Dirichlet boundary value problem on open arts in the plane, a modified procedure 
using the indirect boundary integral method has been developed. If we denote the solution u 
by the form of (9) containing the unknown constant cy, then the induced boundary integral 
equation (11) with the natura1 condition (12) is sufficient to give the true solution of problem (1). 
This procedure saves the number of computations when we obtain the approximate solution 
because only one equation (11) is required while, in the usual method, an auxiliary integral 
equation such as (7) in addition to the equation (3) should be solved, independently. 
Numerical results of some examples show the same or slightly better rate of convergente near 
the boundary open arts. 
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